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Abstract 

Q^ . In this paper, using generating functions we study two categories £ and C of mod- 

ules for twisted affine Lie algebras g[cr], which were firstly introduced and studied in 
' [Li] for untwisted affine Lie algebras. We classify integrable irreducible 0[<r]-modules 

■ in categories £ and C, where £ is proved to contain the well known evaluation mod- 

ules and C to unify highest weight modules, evaluation modules and their tensor 
product modules. We determine the isomorphism classes of those irreducible mod- 
ules. 

<'• 

p4 ■ 1 Introduction 

For affine Lie algebras, a very important class of modules is the class of highest weight 
modules in the well known category O, where highest weight integrable modules (of 
nonnegative integral levels) (cf. [K]) have been the main focus. In [C], Chari proved that 
every irreducible integrable g-module of a positive level with finite-dimensional weight 
t^- \ subspaces must be a highest weight module and that every irreducible integrable g-module 
^ \ of level zero with finite-dimensional weight subspaces must be finite-dimensional. 

Another important class of modules is so called "evaluation modules" (of level zero) 
associated with a finite number of g-modules and with the same number of nonzero 
complex numbers, studied by Chari and Pressley in [CP2] (cf. [CP1], [CP3]). It was 
proved in [CP2] (together with [C]) that every finite-dimensional irreducible (integrable) 
| g-module is isomorphic to an evaluation module. Furthermore, Chari and Pressley in 
[CP2] studied the first time the tensor product module of an integrable highest weight q- 
module with a (finite-dimensional) evaluation g-module associated with finite-dimensional 
irreducible g-modules and distinct nonzero complex numbers. A result, proved in [CP2], 
is that such a tensor product module is also irreducible. These irreducible (integrable) q- 
modules are greatly different from highest weight modules and finite-dimensional modules 
in many aspects. In this way, a new family of irreducible integrable g-modules were 
constructed. 

With this new family of irreducible integrable g-modules having been constructed, 
important problems are to determine the isomorphism classes and to find a canonical 
characterization using internal structures, instead of presenting them as tensor product 
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modules, and then to unify the new family with the family of highest weight irreducible 
integrable modules toward a classification of all the irreducible integrable g-modules. 

In the paper [Li], all the above mentioned problems have been completely solved for 
untwisted affine Lie algebras by exploiting generating functions and formal calculus, which 
have played an essential role in the theory of vertex operator algebras. 

In [Li] two category £ and C of modules for untwisted affine Lie algebras g are de- 
fined and studied. A key result is a factorization which states that every irreducible 
representation of g in the category C can be factorized canonically as the product of 
two representations such that the first representation defines a restricted module and the 
second one defines a module in the category £. 

We generalize all the results of [Li] to twisted affine Lie algebras g[a]. We classify 
integrable irreducible g[o"]-modules in categories £ and C, where £ is proved to contain 
the well known evaluation modules and C to unify highest weight modules, evaluation 
modules and their tensor product modules. We determine the isomorphism classes of 
those irreducible modules. 

This paper is organized as follows: In Section 2, we review the notions of restricted 
module and integrable module and we prove a complete reducibility theorem about the 
restricted integrable g[<j\- modules. We also collect and restate certain results on modules 
for tensor product algebras of two associative algebras in [Li] . In Section 3, we study 
the category £, and in Section 4, we study the category C. In Section 5, we classify the 
irreducible integrable modules in the category C. 

2 Category 7Z of restricted q[ct]- modules 

First let us fix some formal variable notations (see [FLM], [FHL], [LL]). Throughout this 
paper, t,x,xi,X2, ■ ■ ■ are independent mutually commuting formal variables. We shall 
typically use z, z±, Z2, ■ ■ ■ for complex numbers. For a vector space U, U[[x^ 1 , . . . , x^ 1 }} 
denotes the space of all formal (possibly doubly infinite) series in x\, . . . ,x n with coef- 
ficients in U, U((xi, . . . , x n )) denotes the space of all formal (lower truncated) Laurent 
series in xi, . . . , x n with coefficients in U and ^[[^i, . . . , x n ]] denotes the space of all formal 
(nonnegative) powers series in x±, . . . , x n with coefficients in U . 

We shall use the traditional binomial expansion convention: For m G Z, 



(x 1 ±x 2 r = J2( ■ (±i) i ir i 4ec[n,ir 1 ]N] 




(2.1) 



Recall from [FLM] the formal delta function 




(2.2) 
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Its fundamental property is that 

f(x)8(x) = f(l)6(x) for f{x) G CfoaT 1 ]. (2.3) 
For any nonzero complex number z, 



raGZ 



and we have 



In particular, 



(£) = /(*)<* (~) for f(x) G C[x, x- 1 ]. (2.5) 

(x-z)6(^j=0. (2.6) 

Let g be a simple finite-dimensional Lie algebra equipped with a nondegenerate sym- 
metric invariant bilinear form (-, ■) so that the squared length of the longest roots is 2, 
and let a be an automorphism of q of order N, e = exp^. Then we have 



N-l 



= (B wli ere ft = {a G g| <r(a) = e*a}. 



8=0 



Let g[a] be the corresponding twisted affine Lie algebra, i.e., 



N-l 



flM = 0fl i ®t^c[t,r 1 ]eCk (2.7) 

i=0 

with the defining commutator relations 

[a®t m+ ^,b®t n+ ^} = [a,6]®t m+ri+ ^ i + (m+^)(a,6)5 m+ ^ i _ n „ik, (2.8) 

for a G ft, 6 G ft, m,n G Z, and with k as a nonzero central element. A g[er]-module 
is said to be of level I in C if the central element k acts on W as the scalar I. 
For a G ft, form the generating function 

a(x) = ^( a ®t n+ ^)x~ n -^- 1 eg[(j][[P,^]]. (2.9) 
In terms of generating functions the defining relations (I2.8P exactly amount to 

k.(2.10) 



[a(x 1 ),b(x 2 )] = [a,b](x 2 )x 1 1 ( — J 5 (—) + (a,b)- 9 



%\ ) \x\) dx 



El) § ll 

XiJ \Xi 
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Following the tradition (cf. [FLM], [LL]), for a G Qi, neZwe shall use a(n) for the 
corresponding operator associated to a® t n+ ~^ on g[a] -modules. We have the category 
1Z of the so-called restricted modules for the aifine Lie algebra g[a]. A 0[a]-module W is 
said to be restricted (cf. [Kl]) if for any w G W, 

a(n)w = for n sufficiently large. (2- 11) 

Notice that in terms of generating functions, the condition (12.111) amounts to that 

a(x)w G W((x*)) for w G W. (2.12) 

That is, a g[o~]-module W is restricted if and only if 

a(x) G Horn (W, W{{x^))) for a G g. (2.13) 

Let U be a g-module and let I be any complex number. Let k act on U as the scalar 
£ and let 

g[a} + = Qi®t n+ * 

neN,i=0,- ,N-l,n+jj>0 

act trivially, making U a (g © 0[c] + © Ck)-module. Form the following induced g[o~]- 
module 

MM, U) = U( g[a] ) © 0oe g W+e ck C/- (2.14) 

It is clear that Mg(£,U) is a restricted g[cx]-module. We have also that the category TZ 
contains all the highest weight modules. 

Lemma 2.1. There are homogeneous elements {a 1 , . . . , a r } of g = ©^Lq 1 0« such that 

g = span{a l , a 2 } . . . ,a r }, [a k (m), a k {n)} = for 1 < k < r, m,n e Z (2.15) 

and sitc/i t/iat /or 1 < < r and /or any n G Z, a fc (n) acis locally nilpotently on all 
integrable g[a] -modules. 

It is similar to untwisted case, we have the following result: 

Theorem 2.2. Let g be a finite- dimensional simple Lie algebra equipped with the nor- 
malized Killing form. Every nonzero restricted integrable g[o~]-module is a direct sum of 
(irreducible) highest weight integrable modules. In particular, every irreducible integrable 
g[a]-module W is a highest weight integrable module. 
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Proof. In view of the complete reducibility theorem in [Kl] we only need to show that 
every nonzero restricted integrable g[cr]-module W contains a highest weight integrable 
(irreducible) submodule. 

Claim 1: There exists a nonzero u G W such that q[g] + u = 0. 

For any nonzero u G W, since W is restricted, fl[cr] + M is finite-dimensional. For any 
u G W, we define d{u) = dim g[cr] + M. We need to prove that there is a ^ u G W such 
that d{u) = 0. 

Suppose that d{u) > for any / u G W. Take / u 6 f such that d{u) is 
minimal. By Lemma [2.11 There are {a 1 , . . . ,a r } of q such that a k (n) locally nilpotently 
act on W for k = 1, . . . , r, n G Z. Let I + 4* be the positive number such that Qj(l)u ^ 
and Qi{n)u = whenever n + > I + 4. By the definition of /, a k {l)u ^ for some 
a fe G flj, 1 < k < r. 

Notice that a k {l) s u = for some nonnegative integer s. Let m be the nonnegative 
integer such that a k (l) m u ^ and a k {l) m+l u = 0. Set v = ak(l) m u. We will obtain a 
contradiction by showing that d(v) < d(u). First we prove that if a(n)u = for some 
a G Qi, n + > 0, then a(n)t> = 0. In the following we will show by induction on m that 
a(n)dk(l) m u = for any a G Qi and m > 0. If m = this is immediate. Now assume that 
the result holds for m. Since [a, a k ](l + n)u = (from the definition of /) and a(n)u = 0, 
by the induction assumption that a{n)a k {l) m u = we have: 

[a,a k }{l + n)a k {l) m u = 0, a(n)a k (l) m u = 0. (2.16) 

Thus 

a{n)a k {l) m+1 u = [o(n), a fc (/)]a fc (/) m w + a fc (Z)a(n)a fc (Z) m w 
= [a, a k ]{l + n)a k (l) m u + a fc (/)a(n)a fc (/) m n 

= 0, (2.17) 

as required. In particular, we see that a(n)v = a(n)a k (l) m u = 0. Therefore, d(v ) < d(u). 
Since a k {l)v = and a k (l)u ^ 0, we have <i(f) < d(u), a contradiction. 

Claim 2: contains an irreducible highest weight integrable submodule. Set 

n(W) = {ueW\g[a] + u = 0}. (2.18) 

Then f2(iy) is a jjo-submodule of W and it is nonzero by Claim 1. Since a k (0) for 
k = 1, . . . ,r act locally nilpotently on Q(W), it follows from the PBW theorem that for 
any u G Q(W), U(qo)u is finite-dimensional, so that U(g )u is a direct sum of finite- 
dimensional irreducible gcr m odules. Let u G fl(W) be a highest weight vector for jj - It is 
clear that u is a singular vector for q[o~]. It follows from [K] that u generates an irreducible 
0-module. □ 
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We recall from [Li] the following result: 

Lemma 2.3. Let A\ and A 2 be associative algebras (with identity) and let U\ and U 2 
be irreducible modules for A\ and A 2 , respectively. If either End^f/i = C, or A\ is of 
countable dimension, then U\ ® U 2 is an irreducible A\ ® A 2 -module. 

Lemma 2.4. Let A\ and A 2 be associative algebras (with identity) and let U be an irre- 
ducible Ai ® A 2 -module. Suppose that U as an Ax-module has an irreducible submodule 
U\ and assume that either A\ is of countable dimension or End^^i = C Then U is 
isomorphic to an A\ ® A 2 -module of the form U\ ® U 2 as in Lemma \2. 3[ 

Lemma 2.5. Let Ax and A 2 be associative algebras (with identity) and let W be an Ax <g> 
A 2 -module. Assume that A\ is of countable dimension and assume that W is a completely 
reducible A\-module and a completely reducible A 2 -module. Then W is isomorphic to 
a direct sum of irreducible A\ ® A 2 -modules of the form U (g) V with U an irreducible 
A\-module and V an irreducible A 2 -module. 

3 Category £ of q[ct}- modules 

In this section, we study the category £ of g[er] -modules, which is shown to include the 
well known evaluation modules (of level zero). We show that every irreducible integrable 
0[a]-module in the category £ is isomorphic to a finite-dimensional evaluation module. 

Definition 3.1. For the twisted afhne Lie algebra q[o~], the category £ is defined to 
consists of 0[cr]-modules W for which there exists a nonzero polynomial p(x) G <C[x], 
depending on W, such that 



Lemma 3.2. The central element k of g[cr] acts as zero on any g[o~}-module in the 
category £. 

Proof. Let W be a g[cx]-module in the category £ with a nonzero polynomial p(x) such 
that p(x)a(x) = on W for a G g. If p(x) is a (nonzero) constant, we have a(x) = for 
all a G g, i.e., a(n) = for a G g, n G Z. In view of the commutator relation (12. 8ft we 
see that k must be zero on W . Assume that p(x) is of positive degree, so that p'(x) 7^ 0. 
Pick a, b G go such that (a, b) = 1. (Notice that (•, •) is nondegenerate on g .) Using the 
commutator relations (12.101) we get 



p(x)a(x)w = for a G g, w G W. 



(3.1) 



= p(xi)p(x 2 )[a(xi),b(x 2 )] = kp(xi)p(x 2 )x 



-1 



dx 2 








) 



(3.2) 
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Re& X2 p(x 1 )p(x 2 )x^ 1 —^ 5 ( — j = -Res X2 p(x 1 )p'(x 2 )x^ 1 5 I — j 

= (3.3) 

we get hp(xi)p' (xi) = 0, which implies that k = on W. □ 

Next, we give some examples of g[a] -modules in S. Let U be a g-module and let z be 
a nonzero complex number. With a fixed z^ , define an action of g[a] on U by 

N-l N-l 

a(n) ■ u = ^2 / z n+ ^(a i u) for a = ^ a t G g, n G Z, (3.4) 

i=0 i=0 

k-C/ = 0. (3.5) 

Then {7 equipped with the defined action is a g[o"]-module (of level zero), which is denoted 
by U (z). If U is an irreducible g-module, it is clear that U (z) is an irreducible g[o"] -module. 
More generally, let Ui, . . . , U r be g-modules and let z±, . . . , z r be nonzero complex numbers. 
Then the tensor product 0[cr]-module ® r k= iU k {z k ) is called an evaluation module. 

We now show that the evaluation module ® k=1 U k (z k ) is in the category £. For a G 
0i, Mfc G C/fc(zfc) = C/fe, we have 

r 

a(x)(ui ■ ■ ■ u r ) = z 7 ^ N x~ n ~^~ l (ui • • • a-Ufc ■ ■ ■ tt r ) 

neZ fe=l 

= (— ) (Mi®---®a« fc ®---®M r ). (3.6) 

k=i 



Since (x — ^ fc )5 (^) = for k — 1, . . . , r, we get (x — Zi) • • • (x — z r )a(x)(ui • ■ -<8>u r ) = 0. 
Thus we have proved: 

Lemma 3.3. Let Ui, . . . , U r be g-modules and let zi, . . . , z r be nonzero complex numbers. 
Then on the tensor product g[a]-module Ui(zi) • • • U r {z r ), 

(x — z\) • • • (x — z r )a(x) = for a G g. (3.7) 

In particular, the evaluation g[a]-module Ui(zi) • • • U r (z r ) is in the category £ . 

Proposition 3.4. Let g[a] be a twisted affine Lie algebra. Then for any irreducible g- 
modules U\, . . . , U r and for any distinct nonzero complex numbers z±, . . . , z r , the tensor 
product g[cr]-module Ui(zi) • • • U r (z r ) is irreducible. 
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Proof. Notice that the universal enveloping algebra [/(g[<r]) is of countable dimension. It 
follows from Lemma [231 (and induction) that Ui(zi)<S>- • -®U r (z r ) is an irreducible module 
for the product Lie algebra g[cr] © • • • © g[a] (r copies). Denote by n the representation 
homomorphism map. For 1 < j < r, denote by ipj the j-th embedding of g[cr] into 
g[cr] © • • • ffig[cr] (r copies) and denote by ip the diagonal map from g[a] to g[cr] © ■ • • ©g[cr] 
(r copies). Then if) = ipi + ■ ■ ■ + ip r . We also extend the linear maps i/j and ipi , . . . , ip r on 
g[a) [[x, x^ 1 ]] canonically. 

For 1 < j < r, set pj(x) = Yik^j( x - z k )/{zj - z k ). Then 

PiW(f)=wW(j)=^(j) (3-8) 
for j, k = 1, . . . , r. Using (13.61) We have that on Ux{z\) © • • • © U r (z r ), 

p j (x)7Ti/; k (a(x)) = 5^ k -Kip k (a(x)) for 1 < j, k < r, a G g. (3.9) 
Thus on Ui(zi) © • • • © U r (z r ), 

Pj(x)irip(a(x)) = iripj(a(x)) for 1 < j < r, aG g, (3.10) 
which implies that 

7ripj(d[o-]) C vn/>(g[cx]) for j = l,...,r. (3.11) 

From this we have 

TT^(flM) = + • • • + TT^rdM). (3.12) 

It follows that ^(^x) © • • • © U r (z r ) is an irreducible g[cx]-Hiodule. □ 

Proposition 3.5. Let U\, . . . , U r , V\, . . . , V s be nontrivial irreducible Q-modules and let 
z\, . . . , z r and £1, . . . , £ a be two groups of distinct nonzero complex numbers. Then the 
g[a]-module U\{z\)®- ■ -®U r (z r ) is isomorphic to Vi(£i)®- ■ -<E>V^(£ S ) if and only if r = s, 
zj = and Uj = Vj up to a permutation. 

Proof. We only need to prove the "only if" part. Let U be any g[<r] -module in category 
£. There exists a (unique nonzero) monic polynomial p(x) of least degree such that 
p(x)a(x)U = for a G q. Clearly, isomorphic g[<j]-modules in category £ have the same 
monic polynomial. If U — U\(zx) © ■ - • © U r (z r ), we are going to show that p(x) = 
(x — Zi)---(x — z r ) is the associated monic polynomial. First, by Lemma [3T31 we have that 
p(x)a(x) = on Ui(zi) © • • • © U r (z r ) for a G g. Let q(x) be any polynomial such that 
q(x)a(x) = on Ui(zi) © • • • © U r (z r ) for a G g. Set Pj(x) = Yl k ^j( x ~ z k)/( z j — z h) for 
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j = 1, . . . , r as in the proof of Proposition 13.41 For a G Qi, Uj G Uj with j = 1, . . . , r, we 
have 



= q(x)pj(x)a(x)(ui <2 • • • <2 u r ) 

= q(x)x~ 1 (^j N 5 (^j-J (m <2 • • • <2 auj <2 • • • <2 w r ) 

= * 5 (lii <2 • • • <2 tm 3 - (2) • • • <2 M r ). 

Since each Uj is a nontrivial g-module, we must have q(zj) = for j = 1, . . . , r. Thus 
p(x) divides q(x). This proves that p(x) is the associated monic polynomial. 

Assume that Ui(zi) (2 • • • (2 U r (z r ) is isomorphic to Vi(£i) (2 • • • <2 K(£s) with $ a 
g[cr]-module isomorphism map. Then the two tensor product modules must have the 
same associated monic polynomial. That is, (x — z\) ■ ■ ■ (x — z r ) = {x — £i) • • • {x — £ s ). 
Thus r = s and up to a permutation Zj = £j for j = 1, . . . , r. Assume that Zj = £j for 
j = 1, . . . , r. For 1 < j < r, a E Qi and for G £4, ^eVi with = 1, . . . , r, we have 

i 

Pj(x)a(x)(ui ® ■ • • ® M r ) = aT 1 ^— j * 5 ^— j («i ® • • • <2 a«j <2 • ■ ■ ® u r ), (3.13) 
p j (x)a{x)(v 1 (2 • • • <2 f r ) = x" 1 N 5 (^ («! ® • • • ® auj- ® • • • ® f r ). (3.14) 



Then 



$(wi (2) • • • <2 aMj ® ■ • • ® w r ) = Res x x x <5 ^— j $(«! (2) • • • <2 au^ <2 • • • <2 u r ) 

i 

= Res x ^— j ^ $ (pj(a;)a(x)(ui <2 • ■ • <g> u r )) 



Zj\ N 



= Res x J Pj{x)a{x)<&{u\ <2 • ■ ■ <2 u r ) 
= aj(a)$(ui <2 • • • (2 u r ), (3.15) 

where for a G 0j, V\ G Vj., . . . , v r G K, 

aj(a)(fi ® • • • <2 f r ) = {v\ ® ■ ■ ■ ® avj ® ■ ■ ■ ® v r ) . 

It follows that C/j is isomorphic to Vj. For example, consider j — 1. Pick up nonzero 
vectors Uk G C4 for 2 < k < r. Using these vectors we get an embedding 

: Ui — ► Ui (2 • • • <2 U r ; u t— > u <2 u 2 (2 • • • <2 u r . 

On the other hand, for any linear functions //. G Vj* for fc = 2, . . . , r, we have a linear 
map 

*/ a ,...,/r : Vi ® • • • (8) K — >• VI; t>i (2 w 2 <2 • • • <2> f r h-> h(v 2 ) ■ ■ ■ f r {v r )vi. 
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Since 7^ $6(L r i) C V\ ® • • • <g) V r , there exist linear functions fk G V£ for A; = 2, . . . , r 
such that 

*wr*e(0i) + °- 

By (I3.15p . ^y 2i ...j r $G is a nonzero g-homomorphism from U\ to Vi. It is an isomorphism 
because both Ui and V\ are irreducible. □ 

We next classify finite-dimensional irreducible g[cx]-modules in category S. For G g^, 
we have 



n€ 



^(a i ®r + ^)x- n -^- 1 = a i ®x- 1 5(^j (*-)' ■ (3.16) 



For /(x) G C[x], m G Z, a, G g^, we have 

x m+ %f(x) ai (x) = ai ® x m+ ^f(x)x- 1 5 (-) (-] N = en ® t^f^x^S ( - ) , (3.17) 



so that 

Res x x m+ *f(x) ai (x) = a t ® t m+ ^f{t). (3.18) 
It follows immediately that for any gfaj-module W, f(x)a,i(x)W = if and only if (a,j (g> 

t^/(t)C[t,r 1 ])^ = o. 

For a nonzero polynomial p(x), we define a subcategory £ p (x) of £, consisting of fl[cr]- 
modules W such that 

p(x)a(x)w = for a G g, w £ W. (3.19) 

Noticing Lemma [3T2l then a g[a]-module in the category £ p ^ exactly amounts to a module 
for the Lie algebra £,=0' ® f*C[t, r 1 ]/ J^ 1 0* ® t^p(t)C[t, r 1 ]. 

Lemma 3.6. Lei p(x) = (x — z\) ■ ■ ■ (x — z r ) with z%, . . . , z r distinct nonzero complex 
numbers and with k G N. Then any finite- dimensional irreducible Q[a]-module W in 
the category £ p i x ) is isomorphic to a Q[a]-module U\(z\) ® • •• <8> U r (z r ) for some finite- 
dimensional irreducible Q-modules U±, . . . , U r . 

Proof. We have 

N-1 N-1 



i=0 i=0 



'N-1 N-1 



^g^^ClM^/^g^^^-^CM- 1 ] 



=1 \ i=0 i=0 
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For any nonzero complex number z and with a fixed z n , we define a map 

JV-l JV-l 

up ■ ^fl i ®t^c[t,r 1 ]/2*®^( t_2; ) <c [ t ' rl ] 

i=0 i=0 



by 



iV-l JV-l JV-l 

^a i (g)t^pi(i l ) + ^0i(g)t^(t-2;)C[t,r 1 ] i-> J^z^pi(z)aj. 

i=0 i=0 i=0 

Then ip is an isomorphism. We have that a X^o 1 0« ® i^C[£, $2^=0 1 0i ® 
z)C[j;, t _1 ]-module exactly amounts to an evaluation $j[cr]-module U(z). Set 

(JV-l JV-l 
Qi ® **C[* , r 1 ]/ ^ (8> (t - z,)C[t, r 11 
8=0 1=0 

for I = l,...,r. Since W is finite-dimensional, W viewed as an ^-module contains a 
(finite-dimensional) irreducible submodule for which the Schur Lemma holds. It now 
follows from Lemma [2.41 (and induction). □ 

Proposition 3.7. Any finite- dimensional irreducible Q[o~]-module W in the category £ is 
isomorphic to a g[o~]-module Ui(zi) ® - • • Cg> U r (z r ) for some finite-dimensional Q-modules 
Ui, . . . , U r and for some distinct nonzero complex numbers Zi, . . . ,z r . 



Proof. In view of Lemma [376| it suffices to prove that W is in the category £ p r x ) with p(x) 
a nonzero polynomial whose nonzero roots are multiplicity-free. Let p(x) be the monic 
polynomial with the least degree such that p(x)a(x)W = for a G 0. Notice that for any 
formal series A(x) with coefficients in any vector space and for any integer m, x m A(x) = 
if and only if A(x) = 0. In view of this we have p(0) ^ 0. Thus 

p(x) = (x - Zl ) kl ■ ■ ■ (x - z r ) kr , (3.20) 

where distinct nonzero complex numbers and ki, . . . , k r are positive integers. 

Let I be the annihilating ideal of W in g[a). Then Y^iLo 1 ® t~&p(t)C[t, t' 1 ] C / and 
W is an irreducible faithful g [a] //-module. Therefore fl[cr]/7 is reductive (where we using 
the fact that W is finite-dimensional). Set f(x) = (x — Zi) ■ • ■ (x — z r ) and let k be the 
largest one among k\, . . . , k r . We see that p(x) is a factor of f(x) k . It follows that the 
quotient space {^Z^Jq 1 Qi <8)t'& f(t)C\t, t~ l ])/I is a solvable ideal of q/I. With q[<j]/I being 
reductive, (J^^Jq 1 0« ® t~^f(t)C\t, t -1 ])// must be in the center of g[a]/I. From this we 
have that ^Jq 1 Qi ® f*rf(t)C[t, t" 1 ]) C I. This proves that f(x)a(x)W = for a G 0. 
Consequently, f(x) = p(x), that is, k\ = ■ • • = k r = 1. □ 

Proposition 3.8. The irreducible integrable Q[o~]-modules in the category £ up to iso- 
morphism are exactly those evaluation modules Ui(z\) ® ■ ■ • ® U r (z r ) where Uj are finite- 
dimensional irreducible Q-modules and Zj are distinct nonzero complex numbers. 
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Proof. In view of Proposition 13. 71 it suffices to prove that every irreducible integrable g[o"]- 
module W in the category £ is finite-dimensional. Since W is in the category £ , there is a 
nonzero polynomial p(x) such that (a®t^p(t)C[t, t -1 ])!^ = for a G $i, i — 0, 1, ■ • • ,N — 
1. Let I be the annihilating ideal of W in g[cr]. Then g[cr]// is finite-dimensional. Recall 
from Lemma 12.11 that there are homogeneous linearly generating elements {a 1 , . . . , a r } 
of g such that for any 1 < k < r, n G Z, a fc (n) acts locally nilpotently on W. Let 
7^ io G W. Since is irreducible, we have W = U(g[a])w = U(g[a)/I)w. In view of the 
PBW theorem (for g[c]/J using a basis consisting of the cosets of finitely many a fc (n)'s) 
we have that W is finite-dimensional, completing the proof. □ 

4 Category C of ^-modules 

In this section, we study the category C of g[<r] -modules, which naturally unifies restricted 
modules, evaluation modules and their tensor product modules. We prove that the tensor 
product module of an irreducible restricted g[cr]-module (in 1Z) with an irreducible g[er]- 
module in £ is irreducible. We also prove that two such tensor product g[cx]-modules are 
isomorphic if and only if the corresponding factors are isomorphic. 

Definition 4.1. For a twisted afline Lie algebra g[o~], the category C is defined to consist 
of g[cr]-modules W such that there exists a nonzero polynomial p(x) G C[x], depending 
on W, such that 



Clearly, every restricted g[a] -module (in the category 7V) and every g[cr] -module in the 
category £ are in C. (Recall (12.131) and Lemma I3T31 ) It is also clear that C is closed under 
tensor product of g[cr]-modules. Thus, tensor products of restricted g[<r]-modules with 
evaluation g[cr]-modules belong to C. More specifically, from Lemma [3.31 we immediately 
have: 

Lemma 4.2. Let U\, . . . ,U r be g-modules and let z±, . . . , z r be nonzero complex numbers. 
For any restricted Q[o~]-module W , we have 



where M denotes the tensor product g[o~]-module W <g> U\(z\) ® ■ ■ ■ <8> U r (z r ). 

Theorem 4.3. Let W be an irreducible restricted g[cr]-module (in the category 1Z) and let 
U be an irreducible Q[a\-module in the category £. Then the tensor product module W ®U 
is irreducible. 



p(x)a(x) G Hom(W,W((x^))) for a G g. 



(4.1) 



(x — zi) ■ ■ ■ (x — z r )a(x) G Horn (M, M((x^))) for a G g 



(4.2) 
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Proof. Let M be any nonzero submodule of the tensor product g[o"]-module W <8> U. We 
must prove that M = W ®U. Since W and U are irreducible g [a] -modules and £7(0 [cr]) is 
of countable dimension, by Lemma 12.31 W ® U is an irreducible g[cx] © g[cr] -module. Now, 
it suffices to prove that M is a g[cr] ©g[cr]-submodule of W ®U and furthermore it suffices 
to prove that 

(a(n) © 1)M CM for a G g, n G Z. (4.3) 

(Notice that (1 © a(n))iu = a{n)w — (a(n) © l)iu for u> G M.) 

By the definition of £ there exists a nonzero polynomial p(x) such that p(x)a(x) = 
on [/ for all a G g, so that 

p(x)(a(x) ® 1 + 1 ® a(x)) = p(x)a(x) ® 1 on (4.4) 

With M being a g [ex] -submodule of the tensor product module and with W being a 
restricted module we have 

p(x)(a(x) ® 1 + 1 © a(x))M C M[[x, x -1 ]], p(x)(a(x) © 1)M C (W © t/)((x)). (4.5) 

From this, using (I4.4p we have 

p(x)(a(x) (g)l)M C M((x)) for a G g. (4.6) 

Let /(x) be the formal Laurent series of rational function l/p(x) at zero, so that f(x) G 
C((x)). Then we have 

a(x) © 1 = (/(x)p(x))(a(x) © 1) = /(x)(p(x)(a(x) © 1)) 

on M. Consequently, 

(a(x) © 1)M C M((x)) for a G g. (4.7) 

This proves (I4.3j) . completing the proof. □ 

The following result tells us when two g[<r]-modules of the form W ®U obtained in 
Theorem 14.31 are isomorphic. 

Theorem 4.4. Let W\,W2 be irreducible Q[o~}-modules in category TZ and let U\ and U2 
be irreducible Q[cr]-modules in category S. Then the tensor product g[o~]-modules W\ ® U\ 
and W2 © U2 are isomorphic if and only if W\ and JJ\ are isomorphic to W2 and U2, 
respectively. 
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Proof. We only need to prove the "only if" part. Let F be a g[cr]-module isomorphism 
from Wi <S> U\ onto W 2 ®U 2 . We have 

F(a(x) ® 1 + 1 ® a(x))v = (a(x) <g> 1 + 1 <g> a(x))F(u) for a 6 g, u G Wi. ® t/i. (4.8) 

Let p(x) be a nonzero polynomial such that 

p(x)a(x)Ui = and p(x)a(x)U 2 = for a G g. 

Using this and (14. 8 p we get 

p(x)F((a(x)®l)v)=p(x)(a(x)<8)l)F(v) for a G 5, v G Wl <g> C/i. (4.9) 

We have 

F((a(ar) ® l)u) = (a(ar) <g> l)F(v) for a G 0, u G Wi (8> C7i. (4.10) 

Let {u 2 I z G S} be a basis of U 2 . Then W 2 <g> £/ 2 = LL G s W> ® Cu i- Denote by fa the 
projection of W2 ®U 2 onto W 2 ® Cu 2 . We have 

fa(a(x) <g> l)u> = (o(x) ® l)fa{w) for a G g, w eW 2 ® U 2 , 

so that 

faF((a(x) ® l)u) = (a(x) <g> l)faF(v) for a G g, u G Wi <g> E/i. 

Let 7^ U\ G Z7i. There exists an z G 5 such that <piF 7^ on Wi ® C«i. We see that the 
map faF gives rise to a nonzero g[cr] -module homomorphism from W\ (= Wi ® Cui) onto 
W 2 (= W 2 <8> Cm 2 ). Because Wi and W 2 are irreducible, this nonzero homomorphism is 
an isomorphism. This proves that Wl is isomorphic to W 2 . 
From (T4~8l) and (14.101) we have 

F{{l®a{x))v) = (l®a(x))F(y) for a G g, v G Wi ® U x . (4.11) 

Then using the same strategy, we see that JJ\ is isomorphic to U 2 . □ 

Theorem 14.31 gives us a construction of irreducible g[<j]-modules in £. Naturally one 
wants to know whether irreducible g[a]-modules of the form W ® U as in Theorem 14.31 
exhaust the irreducible g[cr]-modules in the category C up to isomorphism. In the next 
section we shall prove that this is true if we restrict ourselves to integrable modules for 

ski- 



ll 



5 Classification of irreducible integrable q[ct]- modules 
in the category C 

In this section we continue to study irreducible modules in the category C for affine Lie 
algebra q [a] . As our main result we show that for the twisted affine Lie algebra g [a] , every 
irreducible integrable g[cr]-module in the category C is isomorphic to a tensor product of 
a highest weight integrable module with a finite-dimensional evaluation module. 

Definition 5.1. Let W be any vector space. We set (see [Li]): 

£(W)=Kam(W,W((x*))). (5.1) 

Define £{W) to be the subspace of (End W) [[x^ , x~^}}, consisting of formal series a(x) 
such that p(x)a(x) G Horn (W, W((x^))) for some nonzero polynomial p(x) G C[x, x" 1 ] 
and define £o(W) to be the subspace of £{W) consisting of the formal series a(x) such 
that p(x)a(x) = for some nonzero polynomial p(x). 

Remark 5.2. For a(x) G (EndW / )[[x^,x"^]], if x m f(x)a(x) G Horn (W, W((x^))) for 
some integer m and for some polynomial f(x), then f(x)a(x) G Horn (W, W((x~k))). In 
view of this, if we need, we may assume that p(0) ^ for a nonzero polynomial p(x) in 
Definition 15.11 

Let C(x) denote the algebra of rational functions of x. We define l x -q to be the linear 
map from C(x) to C((x)) such that for f(x) G C(x), L X ;o{f{x)) is the formal Laurent series 
of f(x) at 0. Notice that both C(x) and C((x)) are (commutative) fields. The linear map 
l X]0 is a field embedding. If p(x) is a polynomial with p{0) ^ 0, then L x . (p(x)) G C[[x]]. 

Definition 5.3. For a vector space W, we define a linear map 

ip n : £{W) -> £{W) (= Horn (W, W((z^)))) 

by 

ifa.{a(x))w = L^oifi^Kf^H^w) for a(x) G ^(W), w G W, (5.2) 
where /(a;) is any nonzero polynomial such that f(x)a(x) G Horn (W, W((x~&))). 

First of all, the map ipn is well defined; the expression on the right-hand side of (I5.2p 
makes sense (which is clear) and does not depend on the choice of f(x). Indeed, let 
/ /, g £ C[x] be such that 

f(x)a(x), g(x)a(x) G Horn (W, W((x^))). 
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Set h(x) = f(x)g(x). Then h(x)a(x) G Horn (W } W{{xn))). For w G W } we have 

t x -o(h(x)~ l )(h(x)a(x)w) = L x . (h(x)~ 1 )f(x)(g(x)a(x)w) 

= ^;o{g{x)' 1 ){g{x)a(x)w). 

Similarly, we have 

L x -o{h{x)~ 1 )(h(x)a(x)w) = L x . (f(xy 1 )(f(x)a(x)w). 

The following is an immediate consequence of (15.21) and the associativity law: 

Lemma 5.4. For a(x) G £{W), we have 

f(x)ip n (a(x)) = f(x)a(x), (5.3) 

where f(x) is any nonzero polynomial such that f(x)a(x) G Horn (W, W((x~ff))). 

Furthermore we have the following result: 

Proposition 5.5. For any vector space W , we have 

£(W) =8(W) ®So(W). (5.4) 

Furthermore, the linear map ipn from B{W) to £{W), defined in Definition \ 5.3\ is the 
projection map of £{W) onto £(W), i.e., 

^n\s(w) = 1 and ip-ji\s (w) = °- ( 5 - 5 ) 

Proof. Let a(x) G £{W) = Horn (W,W((xn))). In Definition ESI we can take f(x) = 1, 
so that ipTi(a(x))w = a(x)w for w G W. Thus ipTi{a{x)) = a(x). 

Now, let a(x) G Sq(W). By definition there is a nonzero polynomial p(x) such that 
p(x)a(x) = on W, so that p{x)a{x) G Horn (W, W((x^))). From definition we have 

ipTz(a(x))w = i X]0 (p(x)~ 1 )(p(x)a(x)w) = for w G W. 

Thus ip-ji{a{x)) = 0. This proves the property (15.51) and it follows immediately that the 
sum £{W) + Eq(W) is a direct sum. 

Let a(x) G £{W) and let ^ f{x) G C[x] be such that f(x)a(x) G Horn {W, W((x*))). 
In view of Lemma l5.4l we have f(x)il>i?(a(x)) = f(x)a(x). Then f(x)(a(x)— ip-ji(a(x))) = 0, 
which implies that a(x) — ipTi(a(x)) G £q(W). Thus, a(x) G £{W) © 8o(W). This proves 
that £{W) C £{W) © ^(W 7 ), from which we have (J53D- □ 

Definition 5.6. For a vector space W, we denote by ipe the projection map of £{W) 
onto £o(W) with respect to the decomposition (15.41) . For a(x) G ^(W 7 ) we set 

a(x) = ip n (a(x)), (5.6) 
a(x) = i[)£(a(x)) = a(x) — ipTi{a{x)) = a(x) — a(x). (5.7) 
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From Lemma [5.41 we have 



f(x)a(x) = /(x)a(x), 
f(x)d(x) = 

for any nonzero /(x) G C[x] such that /(x)a(x) G Horn {W } W((x~k))). 
The following result relates the actions of if)n(a(x)) and a(x) on W: 

Lemma 5.7. For a(x) G £(W), n G Z, w G W , we have 

r 

i/; n (a(x))(n)w = y]f3ja(n + 



(5.8) 
(5.9) 



i }w 



i=0 



/or some r G N, . . . , (3 r G C, depending on a(x), w and n, where 

^(a(x)) = ^^(a(x))(r^-' ! - J 



\n)x 



(5.10) 



(5.11) 



Proof. Let p(x) be a polynomial with p(0) ^ such that p{x)a{x) G Horn (W, W((a;w))). 
Then x k p(x)a(x)w G for some nonnegative integer k. Assume that 



L x;0 (l/p(x)) = ^ctiX 1 G C[[x}}. 



(5.12) 



i>0 



Noticing that Res x x h+m p(x)a(x)w = for m > 0, we have 

ipn(a(x))(n)w = Res x x n ipTi(a(x))w = Res x x n L X]0 (l/p(x))(p(x)a(x)w) 
= Res x otiX n+% (p{x)a{x)w) 



0<i<fc-n-l 



Res 



\J ajX n+ *p(x)a(x) ) 16'. 

V0<i<fc-n-l 



Then it follows immediately. 

Lemma 5.8. Lei W be a vector space as before and let 

a(x),b(x) G £(W), c (x),Ci(x) G (EndW)[[x^ ,x~^} 
be such that on W for some i G N, 



(5.13) 
□ 



[a(x 1 ),b(x 2 )) = c (x 2 )x 1 1 
Then co(x),ci(x) G S{W) and 



%2 
X\ 



8 ( ) + ci(x 2 ) 



9X5 



[a(xi), 6(x 2 )] = cq(x 2 )xi 1 ( — ) S I — ) + ci(x 2 ) 



.1'! 



^2 



.if. 1 



1 / ^2 



1 f £2 
Xi 



^2 
Xl 



Xi 



(5.14) 



(5.15) 
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Proof. From (I5.14p we get 



X 2 \ r / \ , / M / x , 1 -1 



Res^ (— j [a(xi),b(x 2 )] = c (x 2 ) + — x 2 c 1 (x 2 ), (5.16) 
f x 2 \ ~^ 

Res Xl (xi - x 2 ) ( — J [a(xi),b(x 2 )} = ci(x 2 ). (5.17) 

Then it is clear that c k {x) G £{W) for A; = 0, 1, since b(x) G £(W). 
Let ^ /(i) G C[x] be such that 

f(x)a{x), f{x)b{x), f(x)c (x)J(x)c 1 (x) eRom(W,W((x))), 

so that 

f(x)a(x) = f(x)a(x), f{x)b(x) = f(x)b(x), f(x)c k (x) = f(x)c k (x) 
for k — 0, 1. Then multiplying both sides of (15.141) by f(xi)f(x 2 ) we obtain 

f(x 1 )f(x 2 )[a(x 1 ),b(^)} (5.18) 



9 

f(xl)f(X2)Co(x 2 ) + f{Xl)f{X2)Ci(x 2 



dx 2 



Then we may multiply both sides by ^^(/(^i) 1 )^ 2 ;o(/(2 ; 2) x ) to get (15.151) . noticing 
that the associativity law holds in this case. □ 

The following is the key factorization result: 

Theorem 5.9. Let q[o~] be a twisted affine Lie algebra and let n : g[o~] — > EndW be a 
integrable representation in the category C. Define linear maps tt-ji and tt^ from g[o~] to 
End W in terms of generating functions by 

7r-ft(a(x) + ak) = ipn(7i(a(x))) + a7r(k), (5.20) 
n £ (a(x)+(3k) = ip £ {ir(a(x))) (5.21) 

for a G g, a, {3 G C, where we extend it to g[o~] [[x, x -1 ]] canonically. Then 

n = n n + n £ (5.22) 

and the linear map 

g[a] © g[a] -> End : (w, u) i-> tt^(m) + 7r £ (u) (5.23) 

defines a representation o/gfa] ©g[a] on VT. If (W, ir) is irreducible, we have that W is an 
irreducible g[a] ©g[ff]-mod«le. Furthermore, (W, ir-n) is a restricted integrable g[a]-module 
(in the category 1Z) and (W, us) is a integrable g[o~]-module in the category £. 
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Proof. The relation (I5.22p follows from Proposition 15.51 It follows immediately from the 
defining commutator relations (I2.10p and Lemma [5\8l that (W, 7r^) is a g[<r]-module and it 
is clear that it is a restricted module. (We view k as an element of B{W).) Consequently, 
(W, 7i £ ) is a g[cr]-module, since n £ = n — 

Let ^ f(x) G C[x] be such that f(x)7c(a(x)) G Horn (W, W((x~*))) for all a G g. 
Then 

f(x)^ n n(a(x)) = f(x)n(a(x)), f(x)^ £ n(a(x)) = 0, 

so that 



f(x)n n (a(x)) = f(x)ifoin(a(x)) = f(x)n(a(x)), 
f(x)7T £ (a(x)) = 



(5.24) 
(5.25) 



for a G g. From this we have that (W, ire) belongs to the category £. 

For a G Qi, b G Qj, using the commutator relations (I2.10p and the basic delta-function 
property we have 

f(x 1 )[7r n (a(x 1 )),7r g (b(x 2 ))] 
= f{xi)[im{a{x 1 )),Tr(b(x 2 ))) - f(x 1 )['K n (a(xi)),Tm{b{x2))) 
= /(xi)[vr(a(xi)),7r(6(x 2 ))] - f(xi)[7c n (a(xi)),iT n (b(x 2 ))} 



f(x 1 )7r([a,b](x 2 ))x 1 1 



x 2 



8 



(a, b)ir(k)f(xi 



i— 

dx-. 



x 2 



-f(x 1 )n n ([a,b](x 2 ))x 1 1 



;r 2 
.r-i 



5 



'' 1 ^ {a,b)Tz n {y)f{x 1 ) 

X\ ' 



dx-} 



f(x 2 )7r([a,b](x 2 ))x^l^ ) 5 ( - ) + (a,b)7r(k)f(x 1 



X\ 



i — 



X x | 



•'■2 



•?'2 

i 

5 

Xi 



x 2 



x 2 



/(x 2 )7r TC ([a,6](x 2 ))xr 1 ( ^ ] 5(^1- (a,b) 7 r(k)f(x 1 ) 



Xi 



x 2 



Xi 



d_ 

dx-. 



x 2 



- S - 



x 2 



Xi 



0. 



(5.26) 



noticing that /(x 2 )7r([a, b](x 2 )) = f{x 2 )7TTz([a, b](x 2 ). Since 7r^(a(xi)) G Horn (W, W((xf))), 
we can multiply both sides by i xlt ol/ f(xi) and use associativity to get 



[7r^(a(xi)),7r £ (6(x 2 ))] = 0. 



(5.27) 



It follows that (u, v) t— > itti(u) + ire(v) defines a representation of g[a) © g[a] on W. With 
71 — ^n + ^e j h is clear that if (W, 7r) is irreducible, is an irreducible jjfcr] ©fl[cr] -module. 

To prove that (W, itn) and (W, 7r^) are integrable g-modules, we have to prove that 
for a G Q a with a G A and for n G Z, a(n) and a(n) act locally nilpotently on W, where 
7Tft(a © t n ) = a(n) and irs(a © t n ) = a(n). 
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Let a E Q a with A and n G Z. Notice that [a(r), a(s)] = for r, s G Z, since [a, a] = 
and (a, a) = 0. For w G W, we have 

a(r)a(x)u> = a(r) t x . (l / f(x))(f(x)a(x)w) = L x;0 (l/f(x))(f(x)a(x)a(r)w) = a(x)a(r)w. 

Thus 

a(r)a(s) = a(s)a(r) for r, s G Z. (5.28) 
Let w G W be an arbitrarily fixed vector. By Lemma 15.71 

r 

a(n)w = '^^Pia(n + i)w 

i=0 

for some positive integer r and for some complex numbers (3%, . . . , f3 r . Using (15.281) we get 

a(n) p w = (P a(n) + • ■ ■ + (3 r a{n + r)) p w for any p > 0. (5.29) 

Since (W, tt) is an integrable g-module, there is a positive integer k such that 

a(m) k w = for m — n, n + 1, . . . , n + r. 

Combining this with (15.291) we obtain a(n) k(r+1) w = 0. 
Since a(n) = a(n) — a(n) and [a(n),a(n)] = 0, we get 

a(n) k{T+2) w = (a(n) - ~a(n)) k{r+2) w = £ + 2 A (-l) < a(7i) fc ( r+!, )- i o(n) i «; = 0.(5.30) 

i>0 ^ ^ ' 

This proves that a(n) and a(n) act locally nilpotently on W, completing the proof. □ 

Furthermore, we have: 

Proposition 5.10. Let g[a] be a twisted affine Lie algebra and let (Wi,7Ti) and (W^,^) 
be g[a]-modules in the category C and let $ be a Q[o~]-module homomorphism (isomor- 
phism) from (Wi, 7Ti) to (W2, 7T2) . T/ien $ zs a g[er] -mocZu/e homomorphism (isomorphism) 
from (Wi, (tti)tc) to (W2, (^2)7^) and a g[a]-module homomorphism (isomorphism) from 

(Wi,(7Ti)g) to (W 2 ,(7T 2 ) f ). 

Proof. Let /(x) be a nonzero polynomial such that for every a G 0, 

f(x)7r 1 (a(x)) G Horn (Wi, Wi((x*))), /(x)vr 2 (a(x)) G Horn (W2, W 2 ((a;£))). 
Then we have 

f{x)ijj n {'K 1 {a{x))) = f(x)7Ti(a(x)), f(x)ifaifa(a(x))) = f(x)-K 2 (a(x)), 
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so that 



f(x)(iri) n (a(x)) = /(s)V»r(ti(o(z))) = /(x)7Ti(a(ar)), (5.31) 
/(ar)(7r 2 )7i(a(a:)) = /(x)^7e(vr 2 (a(x))) = f(x)TC2(a(x)). (5.32) 

For a G g, i^i G Wi, we have 

/(a;)$((7ri)tt(a(ar))ttfi) = /(z)$(7ri(a(x))wi) = /(x)7r 2 (a(a;))$(wi) 

= /(x)(7r 2 ) 7e (a(x))$(^ 1 ). (5.33) 

Since <3>((7ri)7e(a(a;))w7i), (7T 2 )7^(a(s))$(wi) G W 2 ((x)), we have 

$((7ri)tt(a(ar))tui) = (7r 2 ) 7e (a(x))$(u; 1 ) for a G g. (5.34) 

This proves that $ is a g-module homomorphism from (Wi, (711)72) to (W2, (7r 2 )^). Because 
C^Of — — (7ri)7e for i = 1,2, it follows that $ is also a g-module homomorphism from 
(Wi,(7ri) £ )to(W2,(7r 2 )£). □ 

Now, we are in a position to prove our main result: 

Theorem 5.11. Let g be a standard affine Lie algebra. Every irreducible integrable g- 
module in the category C is isomorphic to a module of the form M® U\{zi) <8> • • -® U r (z r ), 
where M is an irreducible integrable highest weight g-module and U\, . . . , U r are finite- 
dimensional irreducible Q-modules with z\, . . . , z r distinct nonzero complex numbers. 

Proof. Let tt : g — > End W be an irreducible integrable representation of g in the category 
C. By Theorem 15.91 W is an irreducible g © g-module with (u, v) acting as tttz(u) + 7Ts(v) 
for u, v G Q and we have tt = h-ji + tt^. Furthermore, by Proposition ??, (W 7 , tt^) is an 
integrable restricted g-module and (W, tts) is an integrable g-module in the category S. 
In view of Theorem I2.2[ (W, tt^) is a direct sum of integrable highest weight (irreducible) 
g-modules. Now it follows immediately from Lemma [2.41 with A\ = A 2 = U(q) (which is 
of countable dimension) and from Proposition 13.81 □ 
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